Summary. In this paper we study Biot's full, time-dependent equations of dynamic poroelasticity with a view to understanding the effect of pore fluid on seismic wave propagation. Typical values of the constants appearing in the equations which are relevant to the rock surrounding earthquake sources are estimated from values appearing in the recent literature.
Summary. In this paper we study Biot's full, time-dependent equations of dynamic poroelasticity with a view to understanding the effect of pore fluid on seismic wave propagation. Typical values of the constants appearing in the equations which are relevant to the rock surrounding earthquake sources are estimated from values appearing in the recent literature.
We investigate the disturbance due to an instantaneous point body force acting in a uniform whole space. In fact we calculate the tensor fundamental solution since this has spherical symmetry, which is strongly exploited in our method of solution. The introduction of four scalar potentials enables us to reduce the problem to two decoupled second-order systems, each consisting of two coupled wave equations with friction in one space and one time dimension. By a further transformation these systems are expressed as symmetric hyperbolic systems of the first order, which are then solved by Laplace transforms.
Because the dispersion equations are of higher than second degree only the large time saddle-point contributions are calculated. From these several phenomena emerge. (a) A P wave propagating with the P-wave speed appropriate to the 'solid' obtained by constraining the fluid to move with the solid matrix. However, instead of a 6 pulse shape familiar in elastodynamics this P wave has the shape of a Gaussian which appears to diffuse in a frame of reference moving with the P-wave speed. (b) An S wave with similar shape to P . (c) A long-term diffusion which is what one obtains from the equations reduced by setting the inertial terms to zero as in consolidation theory. We also investigate in an appendix a special case of dynamical compatibility in which the P wave remains sharp (i.e. a 6 pulse) and one of our two systems can be solved explicitly.
The pulse diffusion amounts to a dissipation of the high frequency content qf seismic waves at a rate proportional to the square of the frequency.
1 Introductory survey and synopsis R. Bum'dge and C. A . Vargffs
S U R V E Y
We shall study the solution to Biot's (1962a, b) with emphasis on the part of the solution representing elastic pulse propagation. Here u is the displacement vector of the porous solid matrix, which we suppose to be perfectly elastic and isotropic on a macroscopic scale, w is the fluid displacement relative t o the matrix, measured in volume flux per unit area. A, , p are the Lame constants of the 'contained solid' obtained by constraining the fluid to move with the solid, i.e. by setting w = 0. M , (Y are further elastic constants relating to the incompressibility of the liquid and the interaction of the solid and fluid constituents. The constant b relates to Darcy's law which states roughly that the fluid flows from regions of high to regions of low pressure at a rate proportional to the (negative) pressure gradient. p, pf, m are the mass density of the bulk material, the mass density of the fluid and another density-like parameter which depends upon the density of the fluid and the geometry of the pores. The role of pore water in seismology has been emphasized in many studies in recent years. The diffusion of water and the readjustment of fluid pressures has been invoked as a triggering mechanism for earthquakes (Healy et al. 1968; Evans 1966) , and to account for the migration of aftershocks (Nur & Booker 1972; Booker 1974 ). It appears to be relevant at the onset of faulting (Rice & Cleary 1976) , and as a stabilizing influence in the fault creep phenomenon (Rice & Simons 1976) . Dilatancy induced diffusion of interstitial water probably is responsible for the premonitory variations in seismic travel times (Nur 1972; Scholz, Sykes & Aggarwal 1973; Anderson & Whitcomb 1975; Budiansky & O'Connell 1976; . See also Nur (1974) for a good survey of these and related phenomena.
However, in the foregoing work emphasis was placed upon the diffusion process whereas we centre attention on transient wave effects. There has been some previous work on wave propagation in a fluid-saturated medium but mainly for time harmonic disturbances (e.g. Biot 1962a, b; Yew & Jogi 1976) . Deresiewicz, in a long series of papers, considered Rayleigh and other waves in a plane-layered poroelastic system. Rayleigh waves were also considered by Jones (1 96 1). In a one-dimensional configuration impulsive motions have been treated by Mainardi, Servizi & Turchetti (1977) and Yew & Jogi (1976) . Paul(1976a, b) has considered waves in two dimensions.
The constants appearing in equation (1.1.1) have not been widely measured but recently Yew & Jogi (1976 , 1978 have published parameter values for several different rock specimens (see Appendix B). Previous measurements are rather sparse (Fatt 1959; Scholz eta/. 1973) .
The equations we use were derived by Biot in a series of papers. In (Biot 1941a, b and 1955) he was concerned with the consolidation of fluid-saturated soils. Later, he included inertial effects and studied wave propagation in a fluid-filled medium, both when the fluid is inviscid and also when viscous dissipation is present (Biot 1956a, b) , assuming the frequencies are sufficiently low for Poisseuille flow in the pores to be valid (or some equivalent if the pores have non-circular cross-sections). Biot (1 956c) extends his analysis to higher frequencies by modifying the assumption of Poisseuille flow. In these papers the displacement vectors in the solid matrix and in the fluid were taken as the dependent variables. However, we shall follow Biot (1962a) in treating the displacement of the fluid relative to the matrix as a dependent variable and we base our calculations on the form of the equations given there.
As stated above, the assumption of Poisseuille flow in the pores is a low-frequency approximation. Biot (1962a) estimates that for pores of circular cross-section with diameter cm when the pore fluid is water at 15°C this approximation is valid up to 300 cps. In spite of our interest in the impulse response we feel justified in assuming Poisseuille flow since in actual applications to seismic events only a convolution in time of the impulse response with source function and receiver response is relevant and this allows us to neglect the modifications at high frequencies.
Another possible objection to Biot's equations in the form (1.1.1) has been raised by Clearly (1975) , Rice & Cleary (1976) , namely that the pore system may be such that some pores or cavities are connected only to nearby pores and cavities and may be almost sealed off from the main communicating network. Under these circumstances only the main communicating system is relevant to fluid diffusion; the other closed-off system is regarded as part of the matrix where it induces some apparent viscoelastic effects. However, it appears that the relaxation time for these viscoelastic effects would be extremely short and at frequencies of interest in seismology (say below 10 Hz) we are probably justified in using equations (1 .I .1).
S Y N O P S I S
In Section 2 we start to investigate the tensor Green's function, i.e. the fundamental solution, for a uniform whole space. The introduction of four scalar potentials reduces the problem to two second-order systems each consisting of two coupled wave equations with friction in one space and one time dimension. By a further transformation these systems are expressed as symmetric hyperbolic systems of the first order. These systems are solved by Laplace transforms and saddle point contributions for large time are calculated.
It is found that the dominant contributions come from saddle points near the origin in transform space. In Section 3 a perturbation scheme is developed for analysing these contributions without solving the full dispersion relation.
In Section 4 the results of previous sections are used to complete the calculatidn of the solution for large time. The main phenomena are found to be: (a) A P wave propagating with the P-wave speed appropriate to the 'solid' obtained by constraining the fluid to move with the solid matrix. However, instead of a Dirac 6 pulse shape this P wave has the shape of a Gaussian which appears to diffuse in a frame of reference moving with the P-wave speed. (b) An S wave with pulse shape similar to the P. (c) A long-term diffusion which is what one obtains from the equations reduced by neglecting the inertial terms as in consolidation theory.
Discontinuous precursors precede the main waves but since these are exponentially small for large time we refer the reader to Vargas (1975) for a discussion of them.
Appendix A contains an account of a degenerate case where certain 'dynamical compatibility conditions' are satisfied. This results in the splitting of one of the first-order symmetric hyperbolic systems so that it becomes explicitly solvable. In this case the P wave propagates without diffusion.
Appendix B gives the values of various constants calculated from the experimental data of Yew & Jogi (1978) . This information is used to estimate pulse widths and other quantities for some real poroelastic media.
where F is an arbitrary constant vector. The basic point source in the study of seismic radiation from shear dislocations is the double couple. The field due to that is easily obtained by differentiation from the solution considered here.
We start by setting up the problem for the tensor Green's function. This has spherical symmetry which is exploited, after the introduction of scalar potentials, t o obtain two one-(space) dimensional systems. We end this section by Laplace transforming these systems in order to obtain integral representations t o which saddle point methods will be applied later.
E Q U A T I O N S F O R S C A L A R P O T E N T I A L S
The tensor Green's function is obtained by allowing u, w to be matrices and specializing F to I , I being the 3 x 3 identity matrix. Thus in subscript notation our equations become with zero initial conditions.
We Shall seek a solution in the following form , I 1 7
where 0, 4, $, x are scalar potentials. We also decompose the source term in a similar way writing (2.1.3)
where ai = ,i = a/axi and
This decomposition is similar t o that used by Burridge (1976) for perfectly elastic solids in which context it was first suggested by Friedlander (1968, private communication) . Equations (2.1 .l) now reduce to The fundamental solution in dynamic poroelasticity
Hence we seek solutions to the two systems with zero initial conditions. We shall refer to equation (2.1.6) as the P system and to equation (2.1.7) as the S system.
Notice that we now have two pairs of scalar equations with spherical symmetry. Hence the solutions will be functions of r. t only. But for functions of r and f only V2. = -a;(r .) (2.1.8) 1 r and so we write @ = r e , Q,=rq5, \ k = r $ , X = r x , whence, on using equations (2.1.8), (2.1.6) and (2.1.7) become (2.1.9)
These equations hold for r > 0 with the boundary condition and zero initial values.
continue the forcing term to negative r as an odd function. Thus we obtain
It is convenient to satisfy the boundary conditions by the method of images; i.e. we
(2.1.14)
In the next subsection we shall show that both these systems are equivalent to first-order symmetric hyperbolic systems, equation (2.1.13) to a 4 x 4 and equation (2.1.14) to a 3 x 3 system.
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The P system
We define the 4-vector U and the 2-vectors v, w as follows: 
The S system Define the 3-vector U by
Then equation (2.1.14) is equivalent to
On multiplying the first of equations (2.2.1 1) by I-( we again get a system of the form (2.2.5) where now 9, 33, d a r e 3 x 3 matrices and F is the 3-vector (2.2.1 2) (2.2.1 3)
Again for each real E, .$A is real symmetric and 9 is positive definite so that the system is symmetric hyperbolic.
2:3 S O L U T I O N O F P A N D s S Y S T E M S B Y L A P L A C E T R A N S F O R M S
We now proceed to solve the system (2.2.5) by taking a two-sided Laplace transform in r, -00 < r < 00, and a one-sided Laplace transform in t.
Then in an obvious notation equation (2.2.5) gives where c is so large that the contour of integration lies t o the right of all the singularities of the integrand in the complex s plane. This assures that the solution is zero for r < 0.
When t > 0 we appeal to Jordan's lemma and close the contour in the left half s-plane. Then 
Since the s,(Q are permuted when [ describes a circuit in its complex plane the integrand is single valued. Since the singularity in any term is not worse than (5 -at a branch point to the integrand has no poles and is in fact analytic in the entire [ plane. Thus the contour of integration may be distorted at will provided the summation remains within the integration.
As I t I + m in the P system, or (2.3.8) (2.3.9)
in the S system. up, us and P-and S-wave speeds, uT is a wave speed for a slow compressional wave which is largely in the fluid component. These wave speeds are related to the highly attenuated discontinuous precursors (see Vargas 1975) . If in equation (2.3.7) 0 < t < r/up (r/us for the S system) then the contour of integration may be closed to the left to get zero. This verifies that we have the correct domain of influence.
It follows from what has already been said that the s,(t) are real if t is. The curves s = s n ( { ) have the form shown in Fig. 1 for the P system and in Fig. 2 for the S system. Fig.  3 represents the degenerate curve when dynamic compatibility holds.
It will be important later for the estimation of saddle point contributions to notice that the tangents to the various branches of the curve at all points except the origin cut the s axis below the origin, except in the degenerate case considered in Appendix A. At any point Differentiating with respect to g, and denoting this by a prime, we obtain Moreover, in that case the quartic relation between 5 and s factorizes into two linear factors and one quadratic. We consider this somewhat degenerate case specifically in Appendix A.
In the following sections we give a perturbation theory for the asymptotic nature of s,(t) and the corresponding eigenvectors Cr,(t) as 4 + 0. It turns out that when t = 0, s = 0 is a three-fold eigenvalue, necessitating the use of the slightly more complicated theory for multiple eigenvalues.
Some perturbation calculations
In Section 4 we evaluate the solution approximately for large t by means of saddle point approximations. It turns out that the saddle points t o of interest are near 0 except for the discontinuous wavefronts which arise from saddle points near 00 (see Vargas 197$). Since the explicit form of the 'dispersion relation' s ( t ) , and the dependence of the eigenvectors on . $ is complicated for our systems, in this section we take advantage of the fact that we are primarily concerned with small 5 to obtain information by perturbation methods which will be used in Section 4.
P E R T U R B A T I O N T H E O R Y F O R E S M A L L
The P system 
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Hence setting E = 0
( & t + + A ) U = O .
But d is of rank 1 so that h = 0 is a thrice repeated root. The fundamental solution in dynamic poroelasticity 75
To obtainanl for n, 1 = 1 , 2 , 3 we premultiply equation (3.1.12) by V, to get
which is also true for n = 1 = 4.
Henceifn=l (= 1 , 2 , 3 , 4 ) v n = Ednjanj n = 1 , ..., 4, i by equations (3.1.18) and (3.1.26). W h e n n # l ( l < 3 , n < 3) The fundamental solution in dynamic poroelasticity 
The form of the solution for large time
In this section we shall calculate by the method of steepest descent the leading terms in the contributions from various saddle points in the complex (-plane as t -+ 00. In Section 4.1 this is carried out for the first order P and S systems using results from Section 3 . In (4.2) we recover the corresponding contributions to the three-dimensional fields.
I Saddle point contributions for the P and S systems
We repeat here for reference equation (2.3.7), the basic integral representation of the solution to the P or the S systems: The fundamental solution in d-vnamic poroelasticity
79
As a preliminary we calculate these residues in terms of the eigenvectors at s = s,(t).
Let U, satisfy
Then it is easy to verify that when s # s,(t), any n ,
(s.+t"4++2)-1=
[s-s~(g)]-lu~u:.
I
To see this we apply both sides of equation (4.1.4) to (sa-tAt+.53)Un.
The left side of equation (4.1.4) yields U,, the right side In this form the integral is in a form ideally suited for an application of the method of steepest descent. In the absence of a complete study of the Riemann surface of s ( t ) we shall assume that the contour of integration for each n can be deformed into a path of steepest descent through certain real saddle points which give physically meaningful contributions. We rewrite the exponent in the form Thus the saddle points will yield exponentially small contributions as t +. -except when to is near zero. Geometrically, the fact that sn(to) -tos;(to) < 0 for to# 0 means that the tangent to the curve s = s,(E) at E = intersects the s axis below the origin unless to = 0 and s , = 0. The curve s = s ( t ) is as shown in Fig. 1 for the P system and in Fig. 2 for the S system. All the branches are concave upward and pass through the origin except the lowest branch which is concave downward and contained within a sector bounded by its asymptotes which themselves cross the s axis below the origin. Thus for a non-negligible contribution we need t o study the behaviour in the neighbourhood of the origin of those branches s = s,(F) which pass through the origin. But we have already calculated the requisite information in Section 3.
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We shall assume r > 0 so that 0 > 0, si(F0) < 0. Then equations (3.1.31), (3.1.42) on identifying E with 6, h with s give with corresponding eigenvectors (4.1.12) (4.1.13) where V3 is given inequation (3.1.32).
but has a positive coefficient of E . Thus it does not have a saddle point for r > 0.
The other branch ~~( $ 3 which is zero for zero 4 is similar to sz(C;) in equation (4.1.12)
We consider first the contribution from sl(t):
which is approximately where r is the path of steepest descent through t o The fundamental solution in dynamic poroelasticity r passes through to parallel to the imaginary axis. 1978) we find that after one month (t = 2 592 000 s) that a region of radius about 6 krn will be affected by the diffusion in the Berea sandstone, 1 k m radius in the Ohio sandstone and 0.5 km radius in the Pecos sandstone. Thus in about a month a region with radius of the order of 1 km will be affected by the diffusion.
We note that the inertial terms represented by the densities R do not enter this slow process, only the elastic constants and the viscous term b. The contribution from the s3 saddle point may be obtained similarly. This represents a P wave whose pulse shape is a smooth approximation t o a Dirac 6 (r -u$r) which gets broadened as it propagates. With the values taken in Appendix B we find that after 1 s when the pulse has travelled about 3 km the width of the pulse 8 6 (4.1.25) is aboui 1.5 m in the Berea sandstone, 25 cm in the Ohio sandstone and less than 5 cm in the Pecos sandstone.
Notice that when the dynamic compatibility condition Q = 0 holds v3 = 0 and the pulse propagates as a 6 function. For the Pecos sandstone Q is only -0.05 1 5 .
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The S system The calculation is similar for the S system except that there is no long-term diffusion; i.e. 
T H E T H K E E-
In equation (4.1.1) we replaced $(C;) by 1. Let us first recover the solution U when the correct form of $(E) is used. we must consider large r -u i t as well as large t , which we have already assumed in making our saddle point approximations. This will help us to obtain a simple form for the three dimensional solution.
Taking the third column of equation (4.1.24) and integrating with respect to r as indicated in equation (4.2.2) we obtain the P-wave contribution to the solution of equation (2.2.5) in the form The first and second components of this are Or, Qr of equations (2.1.2), (2.1.9), (2.2.1) and we have But @ and X are not present in the P wave so that 
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Hence to leading order in l / r we obtain (4.2.6) This is the P-wave contribution to the tensor Green's function. The displacement uij is similar to that in an elastic solid except that the function
which would appear in that case, is replaced by the Gaussian
where u3 is given in equation (3.1.3 1).
For fixed direction j of the source, yi is the polarization vector and yj the radiation pattern. As t increases, the breadth of the pulse (4.2.8) increases like (~~f ) "~.
However, the scale of the wavefronts grows like ugt. Hence the pulse will separate more and more from any other wavefronts present, and in particular from the precursor mentioned at the end of this section. Here u2 is given in equation (3.1.49).
It remains to consider the pure diffusion arising from the P system. Substituting from equations (3.1.16), (3.1.31), (3. However the amplitudes of these precursors decay exponentially with time and they are negligible for large t. We refer the reader to Vargas (1975) for further details.
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In Appendix B we have calculated up, US, u$, ui for the three sandstones measured by Yew & Jogi (1978) . The reader may verify that the pulse widths at 1 s given earlier are indeed much shorter than the distance between the pulse centres and the precursors at that time, a fact necessary for our large time approximation to be valid at t = 1 s.
We note that 
P + 2 Q + R
Here P is the porosity.
Specimen
P Alundum
0.316
Berea sandstone
0.187
Ohio sandstone
0.191
Pecos sandstone
0.195
A, + 2P
Alundum
6.832
Berea sandstone
2.530
2.257
Pecos sandstone 
